Consider a pair of ordinary elliptic curves E and E ′ defined over the same finite field Fq. Suppose they have the same number of Fq-rational points, i.e. |E(Fq)| = |E ′ (Fq)|. In this paper we characterise for which finite field extensions F q k , k ≥ 1 (if any) the corresponding groups of F q k -rational points are isomorphic, i.e. E(F q k ) ∼ = E ′ (F q k ).
Introduction
Consider a pair of ordinary elliptic curves E and E ′ defined over the same finite field F q , where q is a prime power. Suppose E and E ′ have the same number of F q -rational points, i.e. |E(F q )| = |E ′ (F q )|. Equivalently, E and E ′ have the same characteristic polynomial, the same zeta function, hence the same number of F q k -rational points for every finite extension F q k of F q , k ≥ 1. This is equivalent to E and E ′ being F q -isogenous -cf. [3, Theorem 1] . In this paper we characterise for which field extensions F q k , if any, the corresponding groups of F q k -rational points are isomorphic, i.e. E(F q k ) ∼ = E ′ (F q k ). The question was inspired by an article by C. Wittmann [5] ; we have summarised his result for the ordinary case in Proposition 2.1. Wittmann's paper answers the question for k = 1. Our main results are illustrated in Theorem 2. 4 and Theorem 2.7. The first theorem reduces the isomorphism problem to a divisibility question for individual k's. In the second theorem, the latter question is reduced to a simple verification of the multiplicative order of some elements, based only on information for k = 1. Combining Theorem 2.4 and Theorem 2.7, we are able to tell for which k ≥ 1 we have E(F q k ) ∼ = E ′ (F q k ), given only the order of E(F q ) and the endomorphism rings of E and E ′ .
2 Isomorphic groups of F q k -rational points
Let E be an ordinary elliptic curves defined over the finite field F q , where q is a prime power. Let τ be the Frobenius endomorphism of E relative to F q , namely τ (x, y) = (x q , y q ). In the ordinary case, the endomorphism algebra
Since Q(τ ) is an imaginary quadratic field, it can be written as Q( √ m) for some square-free integer m < 0. The ring of integers of Q(
if m ≡ 1 (mod 4). Then we can write τ = a + bδ for some a, b ∈ Z. It is well-known that the endomorphism ring of E is an order in
Proposition 2.1 ([5, Lemma 3.1]). Let E/F q and E ′ /F q be ordinary elliptic curves s.t. |E(
We note that, since |E(F q )| = q + 1 − Tr (τ ), knowing the order of E(F q ) is equivalent to knowing the Frobenius endomorphism of E.
As E/F q can always be seen as defined over any field extension F q k , and the Frobenius endomorphism of E with respect to F q k is τ k , we obtain the following Corollary 2.2. Let E and E ′ be as in Proposition 2.1. Fix an integer k ≥ 1 and write 
Given a prime number p and an integer n, v p (n) is the p-adic valuation of n, i.e. the maximum power of p that divides n.
Lemma 2.3. Let x, y, g, h ∈ Z such that g | y and h | y.
Proof. It is enough to prove that (1) is equivalent to
Since v p (gcd (x, y/g)) = min {v p (x), v p (y/g)} for any prime number p, we have that gcd (x, y/g) = gcd (x, y/h) if and only if
Combining Corollary 2.2 and Lemma 2.3 yields Theorem 2. 4 . Let E/F q and E ′ /F q be ordinary elliptic curves s.t.
Remark 2. Given a prime p ∈ P as in Theorem 2.4, we clearly have that
Moreover, p ∤ a because, when the curve is ordinary, a and b are coprime. Suppose this is not the case; then there are a
, but N (τ ) = q = ρ n , for some ρ prime and n ∈ N. Then ρ must be equal to p and therefore Tr (τ ) = ρ · Tr (a ′ + b ′ δ) ≡ 0 (mod ρ), so the curve is supersingular.
In Theorem 2.7 below we explain how to evaluate the right-hand side of (4), without computing a k , b k for k > 1. Before that, we need a couple of technical lemmata.
The following lemma is a slight adaptation of [2, Lemma (5)].
Lemma 2.5. Let p be a prime, ℓ ≥ 1, m coprime to p and 0 < r ≤ p ℓ . Then
The following lemma seems to be folklore, see for instance [1] .
Lemma 2.6 (Lifting the exponent). Let p be a prime, a, b ∈ Z with a ≡ b ≡ 0 (mod p) and k be a positive integer. If p = 2, assume additionally that
Theorem 2.7. Let δ be an algebraic integer of degree 2, a, b, g ∈
and
are equivalent.
Note that v p (e) = 0 unless p = 2 and a ≡ −1 (mod 4).
Remark 3. The case of p = 2, v p (b) = 1 and 2 | k can be reduced to Theorem 2.7 by considering
and noting that 2b and b 2 are certainly divisible by 4, so Theorem 2.7 can be applied on the right-hand side after rewriting δ 2 in terms of 1 and δ.
Proof. Set v p (b) = t and v p (k) = ℓ. We claim that
For k = 1, there is nothing to show. Write k = p ℓ m for some integer m with p ∤ m. Then
To prove (7), we have to show that the last sum is in
. It is sufficient to show that
for 2 ≤ r ≤ k. This is immediately clear for tr ≥ ℓ + t + 1 as well as ℓ = 0. So we may restrict ourselves to the case 2 ≤ r ≤ ℓ + 1, in particular ℓ > 0. By the Bernoulli inequality, we have p ℓ ≥ 1 + ℓ(p − 1) ≥ 1 + ℓ ≥ r, thus we can apply Lemma 2.5 and obtain
In order to prove (8) we have to show that ℓ+rt−v p (r) ≥ ℓ+t+1 or, equivalently,
If v p (r) = 0, there is nothing to show. Otherwise, we have
by the Bernoulli inequality. For p = 2, or p = 2 and t ≥ 2, this implies (9) immediately. For (p, t) = (2, 1) we use the additional assumption that 2 ∤ k, i.e. ℓ = 0, for which (8) has already been seen to hold. This concludes the proof of (7). It follows that
If
and we have
We conclude that the assertions (5) and
are equivalent. If e | k, then
. (13) by Lemma 2.6. Consider the case of p = 2. As ℓ + t − v p (g) ≥ 0 because of g | b, (12) can only hold if a k ≡ 1 (mod p) and thus e | k. By using (13), we see that (12) and (6) are equivalent.
Consider now the case of p = 2. If ℓ = 0 and v 2 (g) = t, then (12) holds because v 2 (a k − 1) ≥ 1 is always true. Otherwise,
In that case, (13) implies the equivalence of (12) and (6).
Examples
Example 3.1. Let q = 3329 and consider the elliptic curve
The Frobenius endomorphism of E 0 is equal to τ = 25 + 52i (so a = 25 and b = 52 = 2 2 · 13), E 0 is ordinary and its endomorphism algebra is Q(i). Moreover, the endomorphism ring of E 0 is isomorphic to Z[i], thus its conductor is equal to 1. The orders of Q(i) containing τ are precisely those whose conductor belongs to G = {1, 2, 2 2 , 13, 2·13, 2 2 ·13}. As observed in Remark 1, for every g ∈ G there is an elliptic curve E/F q s.t. E is F q -isogenous to E 0 (i.e. |E(F q )| = |E 0 (F q )|) and End (E) ∼ = O g .
For instance, we have found the following:
In this example P ⊆ {2, 13}. Moreover, we have v 2 (b) = 2, e 2 = 1, 1 ≤ s 2 ≤ 2 and v 13 (b) = 1, e 13 = 2, s 13 = 1.
Therefore
v 13 (a e13 − 1) − v 13 (e 13 ) = v 13 (25 2 − 1) = 1 and v 13 (b) − s 13 = 0 .
By Theorem 2.7 and (14) we obtain
thus every time that 2 ∈ P, we have
Proposition 2.7 and (15) also yield
For instance, consider E 0 : y 2 = x 3 + 49x and E 1 : y 2 = x 3 + x + 57. Since End (E 0 ) ∼ = O 1 and End (E 1 ) ∼ = O 2 2 ·13 , we have P = {2, 13} and
Now consider E 3 : y 2 = x 3 + x + 378 and E 4 : y 2 = x 3 + 3x + 1152. Then End (E 3 ) = O 2·13 and End (E 4 ) = O 2 , so P = {13} and
In a similar manner we can compare all the other curves. We have summarised the outcome in Table 1 . Example 3.2. Let q = 3329 and consider the following elliptic curves defined over F q : Table 1 : Values of k for which the groups of F q k -rational points are isomorphic.
One can verify that these curves are all ordinary and F q -isogenous, with |E i (F q )| = 3226 and τ = 52 + 25i. Their endomorphism algebra is Q(i), thus a = 52, b = 25 and g ∈ {1, 5, 25}. However, the three curves have different endomorphisms rings; more precisely
For all the curves above we have that 
On the other hand, consider E 0 and E 2 . Since the conductor of E 2 is equal to 5, we have s 5 = 1 and then
Example 3.3. Let q = 1031 and consider the following elliptic curves defined over F q :
One can verify that these curves are all ordinary and F q -isogenous, with τ = −10 + 7 √ −19 = −17 + 14δ where δ =
, since the ring of integers of Q(τ ) is Z[δ] = O 1 . Thus a = −17, b = 14 and g ∈ {1, 2, 7, 14}. The respective endomorphisms rings are
We have that P ⊆ {2, 7}. Moreover, v 2 (b) = 1, e 2 = 2, s 2 = 1 and v 7 (b) = 1, e 7 = 3, s 7 = 1.
Let k be a positive integer. If k is not a multiple of e 7 = 3, then
We are in the nasty case of v 2 (b) = 1, so in order to apply Theorem 2.7, we have to assume that 2 ∤ k. We conclude that (for i, j ∈ {1, 2, 3, 4})
• P = {2}: E i (F q k ) ∼ = E j (F q k ) if and only if 2 | k ;
• P = {7}: E i (F q k ) ∼ = E j (F q k ) if and only if 3 ∤ k ;
• P = {2, 7}: E i (F q k ) ∼ = E j (F q k ) if and only if 2 | k and 3 ∤ k ;
These comparisons are displayed in Table 2 . Table 2 : Values of k for which the groups of F q k -rational points are isomorphic.
